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When Does f ~* = 1/f? 


R. Cheng, A. Dasgupta, B. R. Ebanks, 
L. F. Kinch, L. M. Larson, and R. B. McFadden 


1. INTRODUCTION. An unfortunate ambiguity in the standard notations for the 
reciprocal and the inverse of a function has led many students astray. It led us to 
ask when they actually do mean the same thing. To be more precise, suppose that 
f is a one-to-one function from some subset G of the real line onto itself. Then f 
has an inverse, and f-' maps G onto itself. Assume further that G does not 
contain the origin, so that 1/f is defined throughout G. Can f have the property 
that 


py? (1) 


Euler and Foran [3] have demonstrated that functions with property (1) do exist, 
but “are not ones likely to be encountered by a student in elementary calculus.” 
They show, for instance, that a function on (0, ©) with property (1) must have an 
infinite number of discontinuities. Their results include piecewise continuous 
examples. 

The present work concerns functions satisfying (1) whose domains are more 
general subsets of the real line R, or of the complex plane C. A complete 
description of the real solutions is given, along with examples showing how well- or 
poorly-behaved such functions can be. In the complex case, we consider analytic 
solutions to (1). It turns out that in contrast to the real case, there exist analytic 
solutions on simply connected regions in C. We show that there is essentially only 
one meromorphic solution on the complex plane. Analytic local solutions are also 
characterized. 


2. PRELIMINARIES. Throughout we shall consider functions on either R or C. 
By dom(f), ran(f), and gra(f) we understand the domain, range, and graph, 
respectively, of the function f. If G is a subset of R or C, then we define —G = 
{—x:x © G} and 1/G = {1/x: x © G}. At times we adopt the set-theoretic lan- 
guage in which a function is identified with its graph. 

For a function f to have property (1), it is necessary to have dom(f) = 
ran(f) = 1/dom(f), and in particular, dom(f) cannot contain the origin. If (a, b) 
is a point in gra(f), then (b, a) is a point in gra(f~'). But property (1) requires that 
(b, a) belongs to gra(1/f), which implies that (b, 1/a) belongs to gra(f). Continu- 
ing in this fashion, we see that a pair (a, b) is a member of gra(f) if and only if the 
points (b,1/a), 1/a,1/b), and (1/b, a) are also members of gra(f). Thus, under 
iteration, a function f with property (1) acts in a cycle of order at most four: 


(2) 


S| —  & 
Sy 
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On the other hand, if a set of ordered pairs can be partitioned into subsets of the 
form {(a, b), (b, 1/a), (1/a, 1/b), (1/b, a)}, then it is the graph of a solution to (1), 
provided only that it is the graph of a function. This phenomenon was already 
observed in [3]. 

The cyclic behavior can be understood in another way. Indeed, if f satisfies (1) 
then 


FUSF(*)) =% 


and 
L/f(f(*)) =x (3) 
for all x; these are both equivalent to condition (1). Since (3) can be written 
f(f(4)) = 1x, (4) 


it is clear that fo fe fof is the identity function. This perspective gives condition 
(1) a grounding in the functional equations literature; particularly that devoted to 
iterative roots of the identity such as [4, 5]. 


3. REAL SOLUTIONS. We first consider the case dom(f) C R. 

Here is a way to construct all solutions of (1) on (0,~) (or with appropriate 
modifications, any other suitable subset of R). It is adapted from [4], which 
contains more general results. The idea, also mentioned in [3], is to impose the 
4-cycle behavior (2) upon f, after having selected the points to serve in the roles of 
a and b. 

First, it must be that f(1) = 1. For if f(1) = b, then f(b) = 1/1 = 1, and hence 
fQ) = 1/6; now b = 1/b in (0,~) forces b = 1. Next, partition (0, ©) \ {1} into 
equivalence classes under the relation x ~x, x ~ 1/x. Partition the resulting 
space S into two subsets U and V of the same cardinality. Let g:U — V be an 
arbitrary biyection, and define @:S > S$ by 


g(s), ifs eU 


OO iy Sheep 


(5) 


Observe that ¢° ¢ is the identity on S=UUV. 

Let C be an arbitrary subset of (0, ~)\ {1} that contains exactly one member of 
each equivalence class {x,1/x} in $; the Axiom of Choice is needed for this step. 
For each x € (0,)\ {1}, let [x] denote the representative of {x, 1/x} that belongs 
to C. Define f from (0, ~%) to (0, ©) by 


if {x,1/x} © Uand [x] =x, 
Lo({x,1/x})], or if {x,1/x} eVand [x] =1/x 


f(x) = i: if x=1 (6) 


if {x,1/x} © Vand [x] =x, 


TOONS. ectet oa nected 1a S170 


It is straightforward to check that this function satisfies (1). 


Theorem 3.1. Every solution of (1) on (0, ©) is obtained by the preceding construc- 
tion. 
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Proof: Suppose that f satisfies (1) on (0, ©). Partition (0, ©) \ {1} using the 4-cycles 
{x, f(x), 1/x, 1/f(x)} of f; a cycle of order 2 or 1 can arise only from f(1) = 1. Let 
E contain exactly one member from each 4-cycle. Define U = {{x,1/x}: x € E} 
and V = {{f(x),1/f(x)}: x © E}. Then S$ = U UV is the set of all pairs {x, 1/x} 
from (0, 2%) \ {1}. Note also that f induces an invertible mapping g from U onto V 
by g({x, 1/x}) = (f(x), 1/f(x)}. Take C = E Uf(E), noting that C selects pre- 
cisely one member of each pair {x,1/x}, x € (0,0)\ {1}. With U, V, S, g, and C 
thus defined, and with ¢ defined as in (5), the function in (6) is indeed the original 
function f. To check this, let a € E and f(a) = b. Then {a, 1/a} © U, {b,1/b} € V, 
and {a,b} CC. Thus, the constructed function (6) produces the 4-cycle (2), in 
agreement with the given function f. a 


It is clear that most solutions of (1) constructed in this way are uninteresting. 
The solutions become interesting only if they interact with some other feature 
(e.g., the topology) of the domain. 


4. PIECEWISE CONTINUOUS SOLUTIONS. We turn to the question of conti- 
nuity. If (1) holds, it cannot happen that f is monotone increasing throughout its 
domain; for then f-' must be monotone increasing and 1/f monotone decreasing. 
In a similar way we see that f cannot be monotone decreasing. Thus (1) forces 
dom(f) to be disconnected, or f to be discontinuous. 

Let us examine the functions satisfying condition (1) whose restrictions to 


certain intervals are continuous. We call a finite sequence (J,,1,,...,1,) of 
pairwise disjoint nondegenerate intervals an n-circuit of f, if UZ_, I, C dom(f), 
f restricted to each J, is continuous, fU/,) = I,,, for all k € {1,2,..., — 1}, and 
fU,) = I. 


Lemma 4.1. Suppose f satisfies (1). If n € {2,4}, then f does not have an n-circuit. 


Proof: Suppose (J,) is a 1-circuit for f. Then the restriction of f to J, is 
continuous and satisfies (1). But this possibility has already been ruled out. 

Next, assume (J,, I,, I,) is a 3-circuit. Then J, = f-'(U,) = 1/fU,,) = 1/1, and 
I, =f 'U,) = 1/fU) = 1/1,. This gives I, = 1/1, = 1, contradicting disjoint- 
ness. 

Finally, if there is an n-circuit (J,, L,,...,1,) with n > 4, then we have J, = 
f-('C(,) = 1/fU,) = 1/1. On the other hand, J, = f-'U) = 1/fU3) = 1/k,. It 
follows that J, = 1//, = 1,, forcing n = 4. a 


Let us say that a function f is piecewise continuous if dom(f) is the disjoint 
union of intervals {J,, J,,J;,...} such that the restriction of f to each J, is 
continuous. We insist that each J, be maximal in the sense that if J, cC J for some 
interval J, and f is continuous on J, then J, = J. Assume for simplicity that each 
J, is also nondegenerate. 

Piecewise continuous solutions of (1) enjoy the following characterization. 


Theorem 4.2. Suppose f is a _ piecewise continuous function, and let ££ = 
{J,, Jy, J3,...} be the associated sequence of maximal intervals of continuity. Then f 
satisfies (1) if and only if ¥ can be partitioned into {.%,:k = 1,2,...} such that for 
each k, %, is a 2- or 4-circuit for f, f\u_s, is continuous, and f\U_.z, satisfies (1). 
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Proof: \t is easy to see that if f has the stated structure, then f satisfies (1). 

On the other hand, suppose that f satisfies (1). Then for each k, the connected 
set J, is mapped to an interval. Now f ! is also piecewise continuous, with the 
same sequence of maximal intervals. It follows that f(J,,) must be a member of Y. 
By Lemma 4.1, either (J,, f(J,)) is a 2-circuit for f, or (J,, fV;,), [fo fIV,), 
[fo fo flJ,)) is a 4-circuit for f. fc 


Simply put, a piecewise continuous solution is a union of continuous solutions 
on disjoint n-circuits, where n is 2 or 4. It remains to describe those continuous 
functions with property (1) defined over a single n-circuit. 

A continuous solution f on a 2-circuit can be constructed on intervals I, ¢ (0, ©) 
and I, C(—~,0), such that J, = 1/J, and I, = 1/I,. Choose f,: J, ~ I, to be 
continuous and monotone, with f,(1) = —1, but otherwise arbitrary. Define 
fo:1, 01, by f.(x) =1/f;'(x), x €1,. Then f=f, Uf, satisfies (1) on the 
2-circuit (J,, I). 

On the other hand, the necessity of J, =1/I/, follows from J, = fU,) = 
f(fU,)) = 1/fh. This, in turn, forces dom(f) to contain both 1 and —1, whereupon 
we may choose 1 € J, C (0,~) and —1 € J, c(—~,0). 

A continuous solution f to (1) on a 4-circuit can be built upon (A, B,1/A,1/B), 
where A and B are disjoint intervals, neither containing —1, 0, or 1. Choose 
f,: A+B to be continuous and monotone, but otherwise arbitrary. Define 
f.:BO1/A by f,(x) = 1/f;'(), x © B; define f;:1/A > 1/B by f;(x) = 
1/fx'(x), x € 1/A; and finally define f,:1/B > A by f,(x) = 1/f;'(x), x © 1/B. 
Then f =f, Uf, Uf; U f, is continuous and satisfies (1)on A UBU1/A U1/B. 
Every continuous solution on a 4-circuit arises in this way. 

Note that every 2-circuit gives rise to a 4-circuit when the points (1, —1) and 
(—1, 1) are deleted from the graph of f. 


Example 4.3. A continuous solution to (1) on R \ {0} with a 2-circuit: 
—x, if x © (0,%) 

f(x) = 4 _ 7 

1/x, ifxe(-~,0). 


Example 4.4. A continuous solution of (1) with a 4-circuit; the domain of f is 
disconnected, as is necessary for continuity: 


2x, if x © [2,3] 

2/x, ifx = [4,6] 
AOS x/2, if x €[1/3,1/2] 
1/2x, ifx e[1/6,1/4]. 


Let N be the set of natural numbers. 


Example 4.5. A solution to (1) on (0, &): 
1/(x + 1), ifx €(2n-1,2n],neEN 
x—-1, ifxe(2n,2n+1],neEN 
f(x) = 1, ifx=1 
(x+1)/x, ifx €[1/2n,1/(2n -1)), nEN 
x/(l-x), ifxe[1/(2n + 1),1/2n), nEN. 


The domain of f is the disjoint union of {1} and a sequence of 4-circuits. The domain is 
connected, and f has infinitely many discontinuities. This is [3]. 
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Example 4.6. A solution to (1) with only 3 discontinuities in (0, ©): 


1/(x+3), if x € (0,5) 
25) Fae (sel) 
f(x) = 1, ifx=1 
2AJ( 2-2) APS 1E2) 
(¥+:2)/2%,. If xe Q,). 


This is possible since 1/2 and 2 are excluded from the domain. A similar effect 
is illustrated in [3, Example 3], where the points 0 and © are adjoined to the 
domain. 


5. AN EXAMPLE WITH DENSE GRAPH. The examples of Section 4 give us a 
sense of how well-behaved the solutions of (1) can be. Now we present an example 
that illustrates the opposite extreme. 


Proposition 5.1. There exists a function f that satisfies (1) on (0,°%) such that gra(f) 
is dense in (0,) X (0, ©). 


Proof: We shall construct the graph of such a function f. The strategy is to choose 
a dense set of points to serve the role of a in the 4-cycle (2), then impose the 
4-cycle to get property (1). 

Let {E,} be a relatively open countable basis of (0, 1) x (0, 1). Let (a,, b,) € E, 
be chosen arbitrarily. Let F, = {(a,,b,), (b,,1/a,), (/a,,1/b,), (1/b,, a,)}. 
Having defined F,_,, choose (a,,b,) € E, so that neither a, nor b, lies in 
Uti {a,, b,,1/a,,1/b,}. Let F, =F, VU {(a,, b,), (b,,1/a,), G/a,,1/b,), 
(1/b,, 4,)}. Then the function f, = U%_, F, satisfies (1) on a countable subset of 
(0, ©), and its graph is dense in the first quadrant. 

There are uncountably many points remaining in (0,~)\ dom(f,). Define f, to 
satisfy (1) on (0,~”)\ dom(f,) using the scheme from Section 3. Then f =f, Uf, 
satisfies (1) on (0, ©), and its graph is dense in the first quadrant. ii 


With minor changes, this construction can be used to produce an example of a 
function on R \ {0} that satisfies (1) and whose graph is dense in R X R. 


6. COMPLEX SOLUTIONS. Let us next investigate analytic solutions of (1) on 
open subsets of the complex plane. Many of the examples from the real case 
extend in a simple way to this setting. 


Example 6.1. Let G, = {z © C: Re z > 0} and G, = {z © C: Re z < O}. Define f 
on G =G, UG, by 


—l/z, ifzeG, 
IONS og, Gee. 


Then (1) holds and f is analytic on G. This function extends Example 4.3. 


Example 6.2. Let G,,G,, G;, and G, be the open circular regions in C such that the 
real intervals (1,2), (2,3), /2,1), and (1/3,1/2) are respective diametric chords. 
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Define fon G=G,UG, UG, U G, by 
1/(z+1), f#z€EG, 
z=1,. fz eG, 
f(z) = . 
; (z+ 1)/z, ifzeG, 
z/(1—z), ze Gy. 


Then f satisfies (1) and is analytic on G. This function corresponds to Example 4.5, 
restricted to a 4-circuit of open Sets. 


Are there analytic solutions that are fundamentally different from real solu- 
tions? We begin by exploring how large the domain of a complex solution can be. 
First, a function satisfying (1) cannot be entire, as its domain must exclude the 
origin. But much more can be said. 


Theorem 6.3. Let G be the complex plane, excluding a collection of isolated points. If 
f is analytic and satisfies (1) on G, then G ¢ C \{-i, 0, i}, and f or f~' is given by 


Za 
iz+1- (7) 

This asserts that, perhaps surprisingly, there is really only one pair of solutions f 
and f ' to equation (1) that are meromorphic on C; other such solutions are 
restrictions of these two. Note that their domain is connected; in contrast, real 
solutions on intervals must have discontinuities. 

The mechanism underlying this example can be understood geometrically. 
Under the mapping (7), the points in the right halfplane are given a sort of 
non-Euclidean quarter turn clockwise about the fixed point 1. In a symmetric way, 
the points of the left halfplane are given a quarter turn counterclockwise about 
—1. Points belonging to the imaginary axis are shifted upward, so that the 
singularities are permuted cyclically: 

DriPpar —-j?0. 
It follows that z — f(f(z)) gives rise to half turns about the points 1 and —1, and 
the singularities are mapped as follows: 


Ze 


O<>% and I< —i. 
But that is also what the mapping z+ 1/z does, and so condition (1) is imple- 
mented in the form f(f(z)) = 1/z. 
The proof of Theorem 6.3 relies on a chain of lemmas. Let us say that the point 


a is an antipole of f if a is a zero of f, or if a is a removable singularity of f such 
that lim, , , f(z) = 0. 


Lemma 6.4. Let G be the complex plane, excluding a collection of isolated points. If f 
is analytic on G and satisfies (1), then f is not the restriction to G of an entire function. 


Proof: By [2, XII.4.4], there are two mutually exclusive possibilities for an entire 
function: it is a polynomial, or it attains uncountably many values infinitely often. 
In the latter case, exclusion of a collection of isolated points from the domain 
cannot produce a univalent function. Moreover, most polynomials can be ruled out 
for having more than one distinct root. Otherwise, consider f of the form 


f(z) =a(z-w)", 
where a © C, we& C and m is a nonnegative integer. One verifies by inspection 
that f cannot satisfy f(1/f(z)) = z. a 
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Lemma 6.5. Suppose that a nonconstant analytic function f has removable singulari- 
ties a, and a, such that lim, .,, f(z) = Wo = lim, ., ,, f(z). Then for all w in a 
neighborhood of wy, f attains the value w at least twice. 


Proof: Let g be the analytic extension of f to G U {a,,a,}. Let U, and U, be 
disjoint open balls in G, centered at a, and a,, respectively. Then V = 
g(U,) A g(U,) is an open neighborhood of w,. It is clear that for every 
w © V\ {wo}, f- '(w) contains at least two distinct points. 7 


Corollary 6.6. Let G be the complex plane, excluding a collection of isolated points. 
If f is analytic on G and satisfies (1), then f has at most one antipole. 


Lemma 6.7. Let G be the complex plane, excluding a collection of isolated points. If f 
is analytic on G and satisfies (1), then f cannot have an essential singularity. 


Proof: The Great Picard Theorem [2, XII.4.2] implies that in every neighborhood 
of an essential singularity, the function attains an uncountable number of values 
infinitely often. No restriction of such a function by excluding isolated points can 
satisfy (1). B 


Lemma 6.8. Let G be the complex plane, excluding a collection of isolated points. If f 
is analytic on G and satisfies (1), then f has precisely one pole and one antipole in the 
complex plane. 


Proof: If f satisfies (1) and has no antipole, then 1/f satisfies (1) and has no poles 
or essential singularities. Thus 1/f extends to an entire function, in violation of 
Lemma 6.4. It follows that f must have at least one antipole, and by Corollary 6.6, 
at most one as well. Repeating this argument with f~' = 1/f, we see that f has 
exactly one pole. | 


To complete the proof of Theorem 6.3, let G be the plane excluding a 
collection of isolated points. Then f satisfying (1) on G must be of the form 


f(z) = — 92), 


where ¢ is entire and nonvanishing. From f-' = 1/f we get 
Zo) 1 
z-a oz) 


Thus a is an antipole of f, and b is an antipole of f~'. This in turn gives 
—a 
li =b=—-¢(0 
lim f(z) a, 


and 


tis Be —b 1 
pa We Oe ay 
It follows that 6(0) = a~? = Bb’. 

If lim, _,,@(1/z) exists, then ¢@ is bounded and entire, hence constant, accord- 
ing to Liouville’s theorem. Otherwise, the point at infinity is a pole or an essential 
singularity of @. In the former case, 1/¢ is bounded and entire, and again ¢ is 
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constant. The latter case cannot occur, for then f would also have an essential 
singularity at infinity, and hence could not be one-to-one. Thus we find that @ 
must be constant. In conclusion, f must be of the form 


za 


1 
BC ere 


By insisting that f satisfy (1) we get a = +i. This verifies the claim in Lemma 6.4. 


az —1- 


7. SOLUTIONS ON SIMPLY CONNECTED REGIONS. By a region in C we 
mean a nonempty, open, connected subset. A region G is simply connected if every 
closed curve in G can be continuously deformed into a point; informally, G has no 
“holes.” We shall exploit simple connectedness through several technical tools 
from complex analysis, including the following, known as the Riemann Mapping 
Theorem. 


Theorem 7.1. Suppose G is a simply connected region that is not the whole complex 
plane, and let a © G. There exists a unique function ¢ such that ¢ is analytic, $ is a 
bijection of the unit disc D onto G, @(0) = a, and '(0) > 0. 


For a proof, see [2, VII.4.2]. The function ¢ is called a Riemann mapping 
function for G. It allows us to reduce some questions concerning G to the familiar 
disc D. 

Using this approach, we find that there are analytic solutions on simply 
connected domains, all arising from a mechanism that is peculiar to the geometry 
of C. 


Theorem 7.2. Suppose G is a simply connected region. There exists an analytic 
function f satisfying (1) on G if and only if G = 1/G. In this case, G must contain 
exactly one of the points 1 or —1. 

If G contains 1, let L(z) = log z, where log is the branch of the logarithm on G 
such that log1 = 0; if G contains —1, let L(z) = log(—z), where log is the branch 
of the logarithm on —G such that log1 = 0. Then 


f=L 'ogo(ti-¢")coL, (8) 
where & is the unique Riemann mapping function for L(G) satisfying 6(0) = 0. 


Proof: Let G be a simply connected region that is not the whole complex plane. 
For f to satisfy (1) on G, the domains of f and 1/f must coincide, hence it is 
necessary that G = 1/G. 

Suppose G = 1/G. Since G is simply connected, there is a branch A(z) of the 
logarithm on G. Let V = X(G). Then V is simply connected; indeed, suppose o is 
any smooth closed curve whose trace lies in V, and let F be any analytic function 
on V. Then, 


PF(z) dz = P P(AW))A(w) dw = 0 


because G is simply connected. Furthermore, G=1/G implies that V = 
—V + 27rik for some integer k. We claim that V contains zrik. To see this, let a 
be any point in V. If a = vik, then there is nothing more to show. Otherwise, V 
also contains —a + 2aik. By simple connectedness, there is a simple path y 
connecting a to —a + 271k. By its symmetry property, V must also contain the 
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path 6 = —2y+ qwik, which connects —a + vik to a. If either y or 6 should 
contain vik itself, then there is nothing more to show. Otherwise, let A be a 
branch of the logarithm defined in a neighborhood of the path y, and observe that 


a a? 
Dee “asd Nearer: ae eres . 
= 2[ A(a — vik) — A(-a + wik)| = +273, 


depending on the orientation of y U 6. This shows that y U 6 winds around the 
point vik exactly once. Since V is simply connected, it must contain the point wik 
after all, and hence G contains 1 or —1. A similar argument shows that if G were 
to contain both 1 and —1, then it would also contain 0, which cannot happen. 

Now assume that there exists a function f on G satisfying (1). Let L(z) be 
defined as in the statement of the theorem. Let U be the open set L(G), and 
define w: L(G) > L(G) by 


pS Leped", (9) 
Then y is univalent and bijective on U, and w(0) = 0. Furthermore, (4) ensures 
that 


(H(z) = [LefeL“]o[LefeL™'](z) 
[Defefol-\(zy=LO7E(@)) 
—L(L~'(z)) = -z. 

Since w'(b(z))'(z) = —1, taking z = 0 gives w'(0)? = —-1. 

Note that U is a simply connected region. Hence there is a unique Riemann 
mapping function ¢@ from D onto U such that (0) = 0. Thus defined, ¢ is an 
odd function. Indeed, since G = 1/G, we have U = L(G) = LQ. /G) = —L(G) = 
—U; and now both — ¢(—z) and ¢(z) are Riemann mapping functions for U that 
map 0 to itself. By uniqueness, they must coincide. 


Define r= ¢ ‘owed. Note that 7 is a bijective analytic function on D, 
7(0) = 0, and 


r'(0) = [(@*) ewe h] (0) - [o> 6] (0) - '(0) 
= (1/4'(0)) - #'(0) - $'(0) = (0). 
That is, w’(0)7 is a Riemann mapping function for D that preserves the origin. 


But the identity function is also a Riemann mapping function on D preserving the 
origin. It must be that r(z) = w'(O)z (= +iz). And now by (9), 


fH * safe. 
=L'odod lopodod !oL 
=[L'ogotrod 'oL. 


Thus f has the asserted structure. 
On the other hand, suppose G = 1/G and define f by equation (8). Note that 


f(G) =[Lolegere pg! o L(G) 
=[Lo'egere gp '|(U) 
=[L7 eder|(D) = [Le 6] (iD) 
=[L7tog|(D) =L7"(U) =G, 
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where 7(z) = +iz, so f does indeed map G onto itself. Finally, check that 
F(f(z)) = [LT edered teLoLtoporep 'oL](z) 
= [Lotodotrotod ft oL|(z) 
= L7*(6(-1- $"'(L(2)))) = £71(-L(2)) 


=L (LU /z)) = 172, 
proving that (1) holds. a 


The choice of sign in (8) merely distinguishes f from f~'. Thus a pair f and f~' 
of analytic solutions to (1) are uniquely determined by a simply connected region 
G satisfying G = 1/G. 

An immediate example arises from taking ¢ to be the identity on D. 


Example 7.3. Let G = exp D, and define f(z) = exp (ilog z), where log is the 
principal branch of the logarithm, restricted to G. Then f satisfies (1) on G. 


This example illustrates the mechanism underlying (1) when G is simply 
connected. Here, loge f eexp is just multiplication by i on the disc D, that is, a 
quarter turn about the origin. Thus, f itself gives rise to a non-Euclidean quarter 
turn about the point 1. It follows that z — f(f(z)) is something like a half turn 
around the point 1, in agreement with the mapping z+>1/z. As with the 
meromorphic example (7), a quarter turn mechanism here brings about condition 
(1) in the form f(f(z)) = 1/z. The general construction from Theorem 7.2 merely 
extends this effect from D to logG by factoring through a Riemann mapping 
function. 

If G is the right half plane, the function constructed in (8) coincides with the 
meromorphic solution (7), restricted to G. 

The image of the right half plane under the invertible mapping z > z? is a slit 
plane, the “largest” possible simply connected region admitting a solution to (1). 


Example 7.4. Let G = C\{z:z < 0}, and define 


ge 4 j 


a Bae 


where z\/? is the principal branch of the square root on G. Then f satisfies (1) on G. 
Here $(z) = 2log[( + z)/( — z)] is the associated Riemann mapping function. 


2 


For multiply connected regions, the issue is more complicated. It is clear that 
some examples can be constructed from those on simply connected regions by 
excluding certain points from the domain. For example, let K = {z:|z| < 1/2}, 
and consider the function f of Example 7.3 restricted to G, = exp(D\ K). Then 
the restricted function is analytic and satisfies (1) on the region G,, which is 
homeomorphic to an annulus. 

But the following example shows that there is an annulus G on which there is 
no analytic solution of (1), even though G = 1/G. 


Proposition 7.5. Let G be the annulus {z:1/2 < |z| < 2}. There is no analytic 
function on G satisfying (1). 
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Proof: Suppose there is an analytic solution f of (1) on G. Informally, we see that 
either f preserves the two components of the boundary of G (in some limiting 
sense), or it reverses them. Either way, the composite f° f must then preserve 
them, contrary to what the mapping z > 1/z does. 

To carry out this argument, define C, = {z:|z|=r} for 1/2 <r< 2, and 
consider f(C,). Note that 1/C, = C,,,, and f-'(C,) = 1/f(C,). By examining the 
winding number 


1 1 1. (f')(~w) 
= =a = —— D3, 
2ai JC.) Z 2m7isc, f -(w) 


we see that each f(C,) is a smooth closed curve winding once around the hole. 
Since (f~') /f~' is analytic in G, the second integral would be zero if C, could be 
deformed to a point. Thus it must wind around the hole some nonzero number of 
times. But then, by univalence, the path f(C..) does not intersect itself (except at 
the endpoints), so the winding number must be exactly 1 or —1. 

It follows that f(C..) can be continuously deformed to either C,. or —C, inside 
G, respectively; hence, (f° f)(C,) must have winding number 1 about the origin. 
On the other hand, from property (1), we have 


[3 1 1 1 
1= oe —dz= = — dz 
LT Ifo fXC,) Z ZL 19 we 
1 1 ; 
= - -—- me Z = —_— ; 
271 Ic, ee 
a contradiction. Thus, no such function f exists. | 


8. ANALYTIC LOCAL SOLUTIONS. Let ¢ be a given function. A solution f of 
the functional equation f° f= ¢@ 1s said to be an iterative square root of ¢. A 
function satisfying (1) has the equivalent property 


FF(Z)) = 17%, (10) 


which is to say that f(z) is an iterative square root of the function 1/z. A general 
treatment of analytic local iterative roots of the identity can be found in [5]. We 
now apply similar ideas to equation (10). 


Theorem 8.1. Let g be analytic in a neighborhood of 1, and suppose g'(1) # 0. Let 
a’ = —1, and define 

o(z) =8(z) — 8(1/2). (11) 
The function 

f(z) =o "(a+ o(z)) (12) 


is an analytic local iterative square root of 1/z with f(1) = 1. 
Conversely, if f(z) is an analytic local iterative square root of 1/z and f(1) = 1, 
then f has the representation (12). 


Proof: Let g be analytic in a neighborhood of 1, and suppose g’(1) # 0. Let 
a’ = —1, and define o(z) = g(z) — g(1/z). Then 


o'(z) =g'(z) + (1/2*)2'(1/2), 
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so o’(1) = 2g’(1) is nonzero. Hence o' exists in a neighborhood of o(1) = 


g(1) — g() = 0. With f defined as in (12), and observing that 
a(1/z) =g(1/z) —8(z) = —o(2), 
we have o(1) = 0, f) = o '(a- a (1) = 0 '(0) = 1, and 
f(f(z)) = a e(aa)e a e(aa)(z) 
oa 'o(aa)(z) =a '(-a(z)) =1/. 
Thus f is an analytic solution to (10) near 1. 
Conversely, suppose f is an analytic local iterative square root of 1/z, and 


fQ) =1. Put a =f'(). Then f’(f(z))- f(z) = (d/dz)\1/z) = -1/2’, so a’? = 
f'ay = f’'fQ))- f’'d) = —-1 as claimed. Now 


e(z) =z4+a7'f(z) 
defines an analytic function g in a neighborhood of 1, with 
g'(1) =1+a lf) =2, 
which in particular is nonzero. Next, define o as in (11), so that 
o(z)=z+a'f(z) -z'-a'"f(1/), 
and o'(1) = 4 (again, nonzero). Consequently, 
o(f(z)) =f(z) + af f(z) — (A/F(2)) — a FA/F(2)) 
=f(z) t+a-'z' -f(l/z) -a™'z 
=ala'f(z) +a~?z7"! —a'f(1/z) - a~?z| 
=a\ a ‘f(z =2 a> fz) +z) Sac). 


Therefore for z sufficiently close to 1, the function f(z) is of the form prescribed 
in (12). cd 


This approach has the advantage of being elementary, at the expense of 
generally yielding only local information. The mechanism underlying these local 
solutions is very similar to the quarter turn effect, which we have already encoun- 
tered. To see this, suppose that f is an analytic local solution with f(1) = 1, and 
let f have the power series 


f(z) =14+e¢(z- 1) +¢,(z- 1) +6,(z- 1) + 
for z near 1. Then fof has the power series 
f(f(z)) = 14+ %X(z-1) 
- Kates a cies |(z — 1)° 


+[c,c, + 2c,c3 + cfe,|(z - 1)° 


+- eee 
Comparing coefficients with 1/z = 1 —-(z-1)+ (2-1)? -(z- 1)? +=, we 
find that c? = —1, and c, = 1/(c, — 1); higher order coefficients, not surpris- 


ingly, are underdetermined. At any rate, this shows that 
f(z) =14+(4)(2-Yt-, 


so, once again, f gives rise to a quarter turn about the point 1. 
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For the sake of comparison with Section 7, suppose G is a simply connected 
region, G = 1/G, and 1 € G. Let L(z) be the branch of the logarithm on G such 
that L(1) = 0, and let #(z) be the Riemann mapping function for L(G) that maps 
0 to 0; recall that @ is an odd function. Put 


1 
g(z) = 5% (L(2)) 


for z © G. Then the function o(z) = g(z) — g/z) = ¢ ‘(L(z)) has an inverse, 
whereupon we may define f by equation (12). It is easily verified that f has 
property (1) on all of G, not merely on some neighborhood of 1. This brings 
Theorems 7.2 and 8.1 in line within their common scope. | 


ACKNOWLEDGMENT. The authors are grateful to P. D. Humke for pointing out [3]. 
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‘Nothing’s true,’ Postal Weight sobbed, his voice palm-muffled, rocking slightly 
on the bench. 


“Todder, you can trust math.’ 
Freer said ‘You heard it here first.’ 


‘Todd, trust math. As in Matics, Math E. First-order predicate logic. Never 
fail you. Quantities and their relation. Rates of change. The vital statistics of God 
or equivalent. When all else fails. When the boulder’s slid all the way back to the 
bottom. When the headless are blaming. When you do not know your way about. 
You can fall back and regroup around math. Whose truth is deductive truth. 
Independent of sense or emotionality. The syllogism. The identity. Modus Tollens. 
Transitivity. Heaven’s theme song. The nightlight on life’s dark wall, late at night. 
Heaven’s recipe book. The hydrogen spiral. The methane, ammonia, H,O. Nucleic 
acids. A and G, T and C. The creeping inevibatility. Caius is mortal. What it is: 
listen: it’s true.’ 

‘This from a man on academic probation for who knows the length.’ 


‘I’m not a math person, Dad says,’ said Postal Weight. 


‘The axiom. The lemma. Listen: “If two sets of parametric equations 
represent the same curve J, but the curve is traced in opposite directions in the 
two cases, then the two sets of equations produce values for a line integral over J 
that are negative of each other.” Not “Jf thus-and-such.” Not “unless a gladhand- 
ing commercial realtor from Boardman MN in $400 Banfi loafers changes his 
mind.” Always and ever. As in puts the a in a priori. An honest lamp in the inkiest 
black, Toddleposter. ... Only that at times like this, when you’re directionless in a 
dark wood, trust to the abstract deductive. When driven to your knees, kneel and 
revere the double S. Leap like a knight of faith into the arms of Peano, Leibniz, 
Hilbert, L’Hopital. You will be lifted up. Fourier, Gauss, LaPlace, Rickey. Borne 
up. Never let fall. Wiener, Reimann, Frege, Green.’ 


Infinite Jest, by David Foster Wallace; 
Boston; Little Brown & Co. (1996) pp. 1071-1072. 


Contributed by William Mueller, University of Arizona 
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